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The Same Set
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“=”: a bijective mapping s.t. member labels are preserved



Comparing Graphs
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Graph Isomorphism
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“=”: a bijective mapping s.t. nodes (labels), edges (labels) are preserved



Graph Isomorphism Test

• Complexity

• NP-completeness not known

• The current algorithm with the best claim:

• Quasi-polynomial time 2𝑂((log 𝑛)
𝑐) with 𝑐 = 3

8(Babai 2015), (Helfgott 2017)



Weisfeiler-Leman
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Weisfeiler-Leman
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Weisfeiler-Leman
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• Collect neighbor

Weisfeiler-Leman
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• Re-label

Weisfeiler-Leman
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• Check refinement

Weisfeiler-Leman

15

6

6

8

7

7

6

6
8

7

7

3

3
5

4

4

3

35

4

4

no new partitions
no new partitions



• Count final labels

Weisfeiler-Leman
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Weisfeiler-Leman
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Weisfeiler-Leman

• Very fast

• 𝑂 𝑛 + 𝑒

• Sound

• Isomorphic graphs won’t be discriminated

• Incomplete

• Some non-isomorphic graphs are not discriminated
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Weisfeiler-Leman: Limitations
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Weisfeiler-Leman: Limitations
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Weisfeiler-Leman: Limitations
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GNN

• Graph Neural Networks (GNNs) 

• Each layer 𝑡 maps each node and its neighbors from 𝑅𝑑𝑡−1  to 𝑅𝑑𝑡

• (A message-passing framework)

22



GNN

• The power of GNNs in modeling graph structures

• GNNs are at most as powerful as Weisfeiler-Leman

• GCN, GraphSAGE, GAT are less powerful than Weisfeiler-Leman

• GIN meets the simple requirements to be as powerful as Weisfeiler-Leman

23Xu et al. How Powerful are Graph Neural Networks? ICLR 2019.
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Beyond Weisfeiler-Leman: Heuristics

• Heuristic approaches

• Add domain specific features

• Add triangle, clique, cycle features

• Add node identifiers

• Arbitrary fixed id (for modeling one big graph)

• Random id (for generalizability to unseen graphs)

25



Beyond Weisfeiler-Leman: Heuristics

• Heuristic approaches

• ID-GNN

• Fast

• Add cycle count as node feature

• Full

• Individually expand a subgraph for each node

• In each subgraph, distinguish the center node (and its duplicates) from other nodes

26You et al. Identity-aware Graph Neural Networks. AAAI 2021.



ID-GNN
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ID-GNN
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Beyond Weisfeiler-Leman: Theoretical
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Weisfeiler-Leman / GNN k-WL / k-GNN

Morris et al. Weisfeiler and Leman Go Neural: Higher-order Graph Neural Networks. AAAI 2019.



k-WL / k-GNN

• Just like Weisfeiler-Leman / GNN, but

• “Nodes” → k-node subgraphs

• “Neighbors” → subgraphs with a (k-1)-node intersection

30



k-WL / k-GNN

• Power in modeling graph structures

• Weisfeiler−Leman ≡ 2−WL ⊐ 3−WL ⊐ 4−WL ⊐ ⋯

• Complexity

• 𝑂(𝑛𝑘)
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k-WL / k-GNN

• 3-WL

• Power in modeling graph structures

• Weisfeiler−Leman ≡ 2−WL ⊐ 3−WL

• Distinguishes all planar graphs

• Complexity

• 𝑂(𝑛2)

32Maron et al. Invariant and Equivariant Graph Networks. ICLR 2019.



k-WL / k-GNN
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𝛿−𝑘−𝐿𝑊𝐿 / 𝛿−𝑘−𝐿𝐺𝑁𝑁
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Neighbor

Global neighbor

Local neighbor

Morris et al. Weisfeiler and Leman go sparse: Towards scalable higher-order graph embeddings. NeurIPS 2020.
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𝛿−𝑘−𝐿𝑊𝐿+ / 𝛿−𝑘−𝐿𝐺𝑁𝑁+
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𝑘−𝑊𝐿

𝛿−𝑘−𝑊𝐿

𝛿−𝑘−𝐿𝑊𝐿

Power

Efficiency

𝛿−𝑘−𝐿𝑊𝐿+

Propagating along the same 
edges as Weisfeiler-Leman

& Generalization Error Bound



𝛿−𝑘−𝐿𝑊𝐿+ / 𝛿−𝑘−𝐿𝐺𝑁𝑁+
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Weisfeiler-Leman / GNN
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Weisfeiler-Leman / GNN
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less lossy, 𝑂 𝑛𝑘

k-WL / k-GNN
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Modeling Local Structures
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Less lossy, 𝑂 𝑛 + 𝑒



Modeling Local Structures
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Modeling Local Structures
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Hierarchy of Local Isomorphism
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Asiri Wijesinghe and Qing Wang. A New Perspective on "How Graph Neural Networks Go Beyond Weisfeiler-Lehman?". ICLR 2022.



Hierarchy of Local Isomorphism
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Overlap-isomorphic Subtree-isomorphic



Edge ⟷ Overlap Subgraph
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GraphSNN

• For each edge

• Let 𝑆 be its overlap subgraph with 𝑛 nodes, 𝑒 edges

• Compute the overlap subgraph feature 𝜔 𝑆 ≡
𝑒

𝑛−1 𝑛
𝑛𝜆

→ 𝜔 ∝ density ⋅ order

→ 𝜆: the weight of order vs. density
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GraphSNN

• For each edge

• Let 𝑆 be its overlap subgraph with 𝑛 nodes, 𝑒 edges

• Compute the overlap subgraph feature 𝜔 𝑆 ≡
𝑒

𝑛−1 𝑛
𝑛𝜆

→ 𝜔 ∝ density ⋅ order

→ 𝜆: the weight of order vs. density

• Incorporate (pre-computed) 𝜔 into GNN propagation

48



GraphSNN

• The power of GraphSNN in modeling graph structures

• Strictly more powerful than Weisfeiler-Leman / GNN

• While having the same complexity

49



GraphSNN
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GraphSNN
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GraphSNN
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GraphSNN
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